We present a combined experimental and theoretical study of highly charged and excited electronhole complexes in strain-free (111) GaAs/AlGaAs quantum dots grown by droplet epitaxy. We address the complexes with one of the charge carriers residing in the excited state, namely, the "hot" trions X − * and X + * , and the doubly negatively charged exciton X 2− . Our magneto-photoluminescence experiments performed on single quantum dots in the Faraday geometry uncover characteristic emission patterns for each excited electron-hole complex, which are very different from the photoluminescence spectra observed in (001)-grown quantum dots. We present a detailed theory of the fine structure and magneto-photoluminescence spectra of X − * , X + * and X 2− complexes, governed by the interplay between the electron-hole Coulomb exchange interaction and the heavy-hole mixing, characteristic for these quantum dots with a trigonal symmetry. Comparison between experiment and theory of the magneto-photoluminescence allows for precise charge state identification, as well as extraction of electron-hole exchange interaction constants and g-factors for the charge carriers occupying excited states.
I. INTRODUCTION
Semiconductor quantum dots (QDs) have been investigated for more than two decades. Due to their nanometer size, QDs are true quantum emitters and single spin memories [1] [2] [3] [4] [5] and ideally suited for fundamental studies of quantum phenomena on a single particle level and for experiments in quantum optics and information processing.
6,7 A major breakthrough for QD studies is the embedding of the QD in a charge tunable device. [8] [9] [10] [11] [12] [13] [14] In these structures highly charged complexes with one hole or electron in an excited state can be studied. 9, 10, [15] [16] [17] [18] [19] Voltage control of the QD charge state permits clearer identification of the transitions as compared to dots with residual doping. These devices also permit to separate various electron-hole complexes for studying them independently. Most of the studies were done on QDs, grown on (001) GaAs in StranskiKrastanov process, leading to strained dots with disk or lens shape, characterized by the C 2v point symmetry. Droplet epitaxy technique allows a more flexible approach [20] [21] [22] [23] [24] and, particularly, for the growth of strain free GaAs dots on (111) surface [25] [26] [27] . The advantage of strain free (111)-grown droplet GaAs/AlGaAs QDs is their high C 3v point symmetry. It results in vanishingly small fine structure splittings of the exciton radiative doublet, 25, 28, 29 which is a necessary requirement for the emission of entangled photon pairs from the biexciton-exciton cascade. 30, 31 In addition, the C 3v symmetry with only three-fold rotation axis z [111] leads to a coupling between the two valence heavy-hole states | ± 3/2 in a magnetic field applied along the [111] direction, i.e. in the Faraday geometry. This allows for the simultaneous detection of the initially "dark" and "bright" excitonic states in magneto-photoluminescence (magneto-PL) experiments.
32-34
While neutral excitons, biexcitons and singly charged excitons, also known as trions, are well studied experimentally and theoretically, only few works report on the magneto-PL of highly charged complexes on C 2v (001)-grown quantum dots. 8, 11, 13, 14 For C 3v (111)-grown dots only magneto-PL of neutral (X 0 ) and charged excitons (X + with two holes, X − with two electrons) as well as of biexciton (XX 0 ) was reported. [32] [33] [34] The charge tuning has been demonstrated for (111) QDs quite recently, 35 but the magneto-PL of excited and highly charged electron-hole complexes has not been studied in detail so far.
Here we report on experimental and theoretical studies of magneto-optical properties of some of the simplest charged complexes with charge carriers, residing in the excited states (p-shell in atom-like nomenclature) of (111)-grown quantum dots. We address the "hot" trions, X − * and X + * with one of two identical charge carriers occupying the first excited state as well as the doubly charged exciton complex, X 2− , with three electrons and one hole. We demonstrate that using comparison between the experiment and the theory, the magneto-PL spectroscopy allows for precise charge state identification. We find, that the rich structure of magneto-PL spectra of "hot" and multiple charged electron-hole complexes is a consequence of the heavy-hole mixing, present in our highly symmetric (111) dots. Comparison between the experiment and developed theory allows us to extract the parameters governing the spin-dependent fine structure of electron-hole complexes, i.e. electron-hole exchange constants and components of the g-factor tensor for electrons and holes occupying excited states of the QD. This paper is organized as follows: We first introduce the sample and the magneto-PL setup in Sec. II. The main points of our theory are outlined in Sec. III. The key features observed in magneto-PL and the detailed theory for X − * , X + * and X 2− complexes are presented in Sec. IV. Section V contains the discussion of our results and the paper is summarized in Sec. VI.
II. EXPERIMENTAL DETAILS
The sample used in this study was grown by droplet epitaxy using a standard molecular beam epitaxy system. 25, 32 Starting from the n + -GaAs(111)A substrate, the sample consists of 50-nm n-GaAs (Si: 1 × 10 18 cm −3 ), 100-nm n-Al 0.3 Ga 0.7 As (Si: 1 × 10 18 cm −3 ), 20-nm Al 0.3 Ga 0.7 As tunnel barrier, GaAs QDs, 120-nm Al 0.3 Ga 0.7 As, 70-nm Al 0.5 Ga 0.5 As, and 10-nm GaAs cap. The sample structure, experimental geometry and conduction band diagram are schematically illustrated in Fig. 1(a) and (b).
The morphology analysis using AFM reveals symmetric dots with a typical height of 2. . . 3 nm and a radius of 15 nm. 34 In this model system dots are truly isolated as they are not connected by a 2D wetting layer, 25, 36 contrary to Stranski-Krastanov dots and QDs formed at quantum well interface fluctuations. 37 A semitransparent Ti/Au layer with a nominal thickness of 6 nm serves as a Schottky top gate for charge tuneability of the device, see Fig. 1(b) . Application of a bias voltage allows the controlled charging of the QDs from −3|e| to +2|e|.
35
Single dot PL at 4K is recorded with a home-build confocal microscope with a detection spot diameter of 1 µm. 34, 36 The detected PL signal is dispersed by a spectrometer and detected by a Si-CCD camera (spectral precision of 1 µeV and spectral resolution around 50 µeV). Optical excitation is achieved by pumping the AlGaAs barrier with a HeNe laser at 1.96 eV. Laser polarization control and PL polarization analysis is performed with Glan-Taylor polarisers and liquid crystal waveplates. Magnetic fields up to 9 T can be applied parallel to the growth axis [111] (Faraday geometry), that is also the angular momentum quantization axis and the light propagation axis. In what follows we denote different QDs in the sample by capital Latin letters, A, B, C, etc. The experimental spectra are presented for several characteristic quantum dots, namely, C, F, H, K, N, P, U, X. Figure 1 shows the results of charge tuning in our sample for one of the QDs, i.e., QD P, as we present its PL contour plot as a function of applied voltage, see Fig. 1(c) . We observe the main exciton complexes X + , X 0 , X − , X 2− and X 3− as well as two other groups of transitions appearing at the same bias as X + and X − . Based on comparison with the theory presented in Sec. IV, we identify these two complexes as the "hot" trion states X + * and X − * with one charge carrier (hole or electron, respectively), residing in an excited shell. We have performed magneto-PL for all observed complexes. The intriguing magneto-PL of X + , X 0 and X − has been analyzed previously revealing heavy-hole mixing 32, 34 in a longitudinal magnetic field. Here we concentrate on the very unusual magneto-PL of transitions of "hot" and highly charged complexes, such as the X + * shown in Fig. 1(d) and X 2− shown in Fig. 1(e) . Our theory, introduced in the next two sections, aims to reproduce the evolution of the main transitions observed as a function of applied magnetic field.
III. THEORY: GENERAL MODEL
This section is aimed at the description of basic features of the theoretical model for the energy and PLspectra of the hot and multiply charged electron-hole complexes in trigonal quantum dots in the presence of a longitudinal magnetic field B [111]. The detailed theory as well as experimental spectra for each of the studied complexes, namely, "hot" charged trions X − * and X + * , and a doubly negatively charged trion X 2− , are given in Sec. IV.
We start with the description of quantum confinement of many particle electron-hole complexes in trigonal quantum dots and follow the model developed in Ref. 34 and applied to evaluate hole wave functions and g-factors. In our model we assume strong confinement of electrons and holes inside a dot, which allows one to treat the Coulomb interaction as a small perturbation, which influences essentially (i) the spectral positions of emission of corresponding electron-hole complexes via its binding energy, 38 and (ii) the fine spin structure of the electronhole energy spectrum via electron-electron (hole-hole) and electron-hole exchange interaction being, along with the Zeeman splittings, the focus of our work. This approach is valid for quantum dots with a size smaller than the exciton Bohr radius, which is typically the case in our experiment. 34 To model confinement in the dot we assume the separable form for a single-particle potential V e,h (r e,h ) = V (e,h) ⊥ (z e,h ) + V (e,h) (ρ e,h ) acting on the electrons, e, and holes, h, respectively, r e,h is the position vector of corresponding charge carrier. Here V ⊥ (z) and V (ρ) describe carrier confinement in the z-direction and in the lateral plane of a dot, respectively, and we use cylindrical coordinates r = (ρ, z), with the z-axis parallel to the growth axis [111] . The in-plane axes are chosen as x [112] and y [110] . This separable form is a good approximation for our trigonal dots having shapes of flattened pyramids with its lateral size much larger than its height.
25,34
The form of the confining potentials can be chosen following Ref. 34 in accordance with the trigonal point symmetry C 3v of the QD. Particularly, the potential V ⊥ (z) has no specific parity with respect to the mirror reflection z → −z and can be taken in the form of a triangular In panel (d) blue corresponds to < 100 counts, red to > 12800 counts, in panel (e) blue corresponds to < 100 counts, red to > 40000 counts.
well. The in-plane potential can be taken as a combination of an isotropic parabolic potential 39-41 and a trigonal contribution proportional to cos 3ϕ with ϕ being the azimuthal angle of the position vector reckoned from xaxis.
The separable form of a confining potential allows one to factorize the wave function Ψ(r) of an electron (hole) localized in the quantum dot into a product of z-and ρ-dependent parts
Here indices n = 1, 2, . . . and l = 1, 2, . . . are the quantum numbers characterizing confinement of the z-and in-plane motion, respectively. Since in our dots confinement in the growth direction is much stronger than in the lateral plane, the first excited states in the dot are the states corresponding to n = 1, l > 1. 34 The symmetry of the single-particle states underlies the fine structure of the electon-hole complexes energy spectrum and their magneto-optical properties. Therefore, it is instructive to classify Ψ nl according to the irreducible representations of C 3v point symmetry group. Since any function F n (z) transforms according to the identity representation, Γ 1 (or A 1 ), 42 the transformation properties of the wave function (1) are governed by the symmetry of the in-plane envelope ψ l (ρ). Due to the presence of the threefold rotation axis, the in-plane envelopes can transform either according to Γ 1 or according to the two-fold degenerate representation Γ 3 (E). In atom-like nomenclature or shell model, widely used to classify the states in QDs, 40, 43, 44 Γ 1 state can be attributed to the s-shell and the Γ 3 doublet to the two-fold degenerate p-shells.
In what follows we consider ground s-type state (l = 1) and two excited p-type states (l = 2, 3) of the in-plane motion. In order to simplify further treatment we assume that the base of a dot is slightly elongated in one direction, so that the degeneracy of the p-states is lifted. By analogy with elliptically shaped C 2v dots, we refer to the corresponding states as p x and p y , and in the following we will consider only one state with a lower energy, i.e., p x . As we will show later, in Sec. V, the magneto-PL spectra of X − * and X + * do not change when the orbital degeneracy of p-shell states is taken into account.
The fine structure of the electron-hole complexes in the studied dots is governed by an interplay of the electronhole exchange interaction, whose precise form is detailed below in Sec. IV where the particular complexes are identified, and Zeeman effects for individual charge carriers. For the conduction band electrons, whose Bloch functions transform according to the spinor representation Γ 4 , the Zeeman effect in B [111] can be described as
where µ B is the Bohr magneton, σ
z is the z-component Pauli matrix, and g
e ) is the electron g-factor in nl orbital state. The doubly degenerate hole state transforms according to the reducible Γ 5 + Γ 6 representation of the C 3v point group, and the magneto-induced mixing of heavy holes with opposite projections ±3/2 of angular momentum onto the growth axis is of top importance. The latter effect is a specific feature of the trigonal C 3v symmetry, and was uncovered experimentally in Ref. 32 followed by the microscopic theory presented in Ref. 34 . As a consequence of the heavyhole mixing, the effective Zeeman Hamiltonian for heavy holes (n = 1) in the field B [111] has the form 32,34
so that the effective g-factor tensor of the heavy hole contains both the diagonal (g
h1 ) and off-diagonal (g
is the pseudovector composed of Pauli matrices acting in the space of ±3/2 Bloch functions of heavy holes. As it was established in previous studies on neutral excitons X 0 and ground trion states X − and X + , the values of g h1 and g h2 for the s-hole are of the same order of magnitude.
32,34
To calculate the PL-spectra of the studied electronhole complexes we apply the model similar to the model of Refs. 44 and 45. We consider a quantum dot that is non-resonantly excited with a continuous-wave laser, so that the steady-state populations of the spin states are formed. The PL spectra in σ + and σ − polarizations are given by the Fermi golden rule:
Here |i is the initial state of the complex, |f is the final state of the QD after optical recombination, M ± f i is the matrix element of an optical transition, defined by selection rules and wave functions of i and f states, E i,f are the energies of the initial and final states, ω is the energy of an emitted photon, and A is a constant. Note, that we consider here only the radiative recombination processes involving an electron and a hole in the ground shells, i.e., s-shell electron and s-shell hole. To include the diamagnetic shift of electron-hole complexes levels we introduce an energy shift δE dia = α d B 2 z common for all lines of a given complex, where α d is a parameter. Its evaluation as well as the evaluation of precise energy positions of the initial and final states are beyond the scope of the present paper. While calculating the PL intensity we assume the initial levels i to be equally populated, i.e. take for the occupation numbers n(E i ) = 1. To model the broadening of PL lines we use the Lorentzian
with the broadening parameter γ. This parameter may, in general, be different for different initial and final states of a given complex, however in the model we use a single value of γ for all summands in Eq. (4).
IV. IDENTIFICATION OF THE COMPLEXES
In this section we present detailed theoretical and experimental description of the three excited complexes, which are the most pronounced in the experimental PL spectra, namely, the "hot" charged trions X − * and X + * , which involve electron or hole in the excited shell, and the doubly charged exciton X 2− . The results are presented in a form of comparison between the theory and experiment for three different, representative QDs. Such a comparative analysis allowed us to identify these three complexes in magneto-PL experiments for many QDs. Experimental PL-spectra and extracted fine structure parameters for an additional set of QDs are presented in Sec. V.
A. Hot negatively charged trion X − * Let us start our description with the "hot" negatively charged trion X − * . This complex comprises a heavy hole in the s-state and two electrons, one of which occupies the ground, s-shell state and the other resides in the excited p-state. The schematic structure of the complex and calculated (see below for details) magneto-PL spectrum are depicted in Fig. 2(c) . For comparison, the experimental magneto-PL spectrum of X − * measured in σ + polarization is presented in Fig. 2(a) . The spectrum in σ − polarization is obtained from the one presented in Fig. 2(a) by changing the sign of the magnetic field. At zero magnetic field the X − * PL spectrum consists of two lines (a doublet) separated by 100. . . 200 µeV with the higher energy transition having higher intensity. When a magnetic field B = (0, 0, B z ) is applied, the lower energy line is split into two lines for each detected circular polarization, while an additional low intensity line appears at lower energy. As a result, in each, σ + or σ − polarization, the X − * emission consists of four lines, see Fig. 2 (b) for a typical emission spectrum found in the experiment, to give eight lines for the linearly polarized analyzer. As we will show later, the appearance of the low intensity (dark at B z = 0) line is a characteristic feature of the underlying C 3v symmetry of the dots, resulting from the heavy-hole mixing. We now focus on theoretical description of X − * . The spin states of X − * are defined by the z-component of the heavy-hole angular momentum (J z = ±3/2), the value
are the spins of the first and the second electron. It is well known 46,47 that due to the electron-electron (e-e) exchange interaction, the ground state of two electrons occupying s-and plevels in a quantum dot is a triplet state, characterized by a total momentum I (e) = 1 and an antisymmetric combination of lateral envelopes ψ s (ρ) and ψ p (ρ):
Here ρ 1 and ρ 2 are the in-plane electron coordinates, χ m is the spin-dependent part of the wave function, and m ≡ I (e) z = −1, 0, 1. As compared with the symmetric combination, two-electron wave function (5) minimizes Coulomb repulsion between the charge carriers. The two-electron singlet state is far above in energy (typically 35 ∼ 5 meV) from the triplet one, and is therefore disregarded in our model. As a result, the six states of X − * can be distinguished by the total angular momentum of the hole and the electron triplet S z (X − * ) = J z + I (e) z = ±1/2, ±3/2, ±5/2. In the simplest model where the trigonal effects are neglected, the electron-hole exchange interaction which defines the fine structure of the X − * complex at zero magnetic field is described by the following Hamiltonian
where ∆ 0 is the constant of the electron-hole (e-h) exchange interaction between the heavy hole and the pair of electrons in the triplet state (∆ 0 > 0). This constant is an average
of the constants of the interaction between the s-electron and s-hole (δ ss 0 ) and the p-electron and s-hole (δ ps 0 ). 48 It follows from Eq. (6) , that the energy spectrum of X − * at zero magnetic field constitutes three Kramers degenerate levels with the angular momentum components ±1/2, ±3/2 and ±5/2, split by ∆ 0 , see Fig. 2(d) . At B = 0 only ±1/2 and ±3/2 states are optically active (see below for details) resulting in the doublet at B = 0, see Fig. 2 .
The Zeeman splitting of spin-degenerate levels in the longitudinal magnetic field B = (0, 0, B z ) is described by the following Hamiltonian, cf. Eqs. (2) and (3),
where g 1 is the effective g-factor of the triplet state. Making use of the explicit form of two-electron wavefunction (5), we express the triplet g-factor g 1 via s-and p-states electron g-factors, g
e and g
(p)
e , as
The total X − * Hamiltonian H(X − * ) = H 0 (X − * ) + H B (X − * ) assumes according to Eqs. (6), (8) the block-diagonal form in the basis (+5/2, −5/2, +1/2, −1/2, +3/2, −3/2)
The blocks entering Eq. (10) read
and
Note, that the pair | ± 3/2 is decoupled from the other states. The structure of the block H 4×4 closely resembles the effective Hamiltonian of a neutral exciton X 0 in a trigonal dot. 32, 34 The corresponding behavior of H 4×4 eigenenergies with the characteristic level anticrossing is shown in Fig. 2(d) by dashed and dashed-dotted curves. Since the triplet state with I (e) z = 0 is affected neither by the exchange interaction, nor by the magnetic field, the block H 2×2 , Eq. (12), corresponds to a single heavy-hole. Its energy spectra consists of two levels with the ener- Fig. 2(d) ], and the corresponding eigenstates are linear combinations of | + 3/2 and | − 3/2 states.
Next we turn to the selection rules for optical transitions. Allowed optical transitions in σ + polarization for B z ≥ 0 are sketched in Fig. 2(d) . The final state after optical recombination of the s-hole and s-electron is the electron in p-state (e * ), described by the Hamiltonian (2). In the absence of heavy-hole mixing, i.e. at g (s) h2 = 0, active optical transitions in σ + polarization are | + 3/2 X − * → | + 1/2 e * and | + 1/2 X − * → | − 1/2 e * , where the subscripts denote corresponding initial and final QD states. However, at g (s) h2 = 0 the states |+3/2 X − * and | − 3/2 X − * , as well as | + 1/2 X − * and | − 5/2 X − * are intermixed, and therefore all the four states become optically active in σ + polarization. The selection rules in σ − polarization can be obtained by changing the sign of all spin projections. To summarize, the PL-spectrum of X − * in a given circular polarization consists of four lines in total, two of which can be referred as "bright" ones, i.e., active even for g termined from the analysis of the ground-state exciton X 0 using procedure explained in Refs. 32 and 34, see Tab. I. The only fitting parameters are the exchange interaction constant ∆ 0 and g-factor of the electron excited state g
e . The value of ∆ 0 is determined from the experimental value of doublet splitting at B z = 0, see Fig. 2(b) . The value of g h ≡ (g
h2 ) 2 . The obtained value is g PL spectrum, is very close to the one presented in Tab. I for X 0 (the small difference may be related to Coulombinduced contributions to the effective hole g-factor).
One can see that the model reproduces well all the characteristic features of the X − * PL spectrum observed in the experiment. The crucial point for the identification of X − * complex is the appearance of low-energy "dark" transitions as the magnetic field amplitude increases. As shown above, this is due to the admixture of | ± 1/2 X − * component in | ∓ 5/2 X − * state. We will next discuss the "hot" positively charged trion X + * , see Fig. 3 . This complex comprises an electron in the s-state and two holes, one in the s-shell and one in the p-shell state. Although the X + * complex is the charge conjugate of the X − * complex considered in the previous subsection, its fine structure in the magnetic field is very different from that of its negatively charged counterpart, as seen in Fig. 3(c) where the calculated spectrum is shown. The experimental magneto-PL spectrum of X + * is presented in Fig. 3(a) . At zero magnetic field the PL spectrum of X + * , as well as the spectrum of X − * , consists of a doublet separated by 150. . . 250 µeV. When a magnetic field is applied, the PL spectrum evolves into a complex pattern: the magneto PL contour plot has an asymmetric "scissors"-like shape with two high intensity transitions for each detected circular polarization. In σ + polarization up to six lines are resolved at magnetic fields B z 4 T, see Fig. 3(b) . It is clearly seen that some of these lines correspond to "dark" transitions and appear only due to the admixture of the "bright" states, typical for (111) grown dots.
Similarly to the case of X − * , we consider only two heavy-hole triplet state with antisymmetric orbital wave function, cf. Eq. (5). As a result, the two-hole state can be labelled by the z-component of the total angular momentum of the pair, F (h) z = −3, 0, 3. Hence, the six states of X + * can be distinguished by the z-component of the
In the absence of magnetic field the active states are ±1/2 and ±5/2 giving rise to two doublets, see below for details.
The effective X + * Hamiltonian which takes into account both e-h exchange interaction and the Zeeman effect in the field B [111] has the form
where
z is the electron spin-z Pauli matrix, and we introduced 3 × 3 matrices of pseudospin 1 operator
(h) z ) as a sum of single heavy-hole pseudospin operators,
z . The electron-hole exchange interaction constant in X + * ,∆ 0 , is defined by analogy with X − * as∆
where δ sp 0 stands for the s-electron and p-hole exchange constant. Due to heavy-hole mixing in the longitudinal magnetic field, Eq. (3), the Zeeman effect for two-hole triplet is described by two g-factors, being related with the g-factors of a single s-and p-hole as follows
The Hamiltonian H(X + * ) written in the basis (+7/2, −5/2, +1/2, −7/2, +5/2, −1/2) consists of two independent blocks
describing the fine structure of the hole triplet separately for the spin-up and spin-down electron and given by
The eigenenergies of the blocks H + 3×3 and H − 3×3 are depicted in Fig. 3(d) by solid and dashed lines, respectively. The final state of a QD after optical recombination of X + * involving s-shell electron and s-shell hole is the pshell hole (h * ) described by the 2 × 2 Hamiltonian (3) with g-factors g
(p)
h1 and g
h2 . The selection rules in a given circular polarization are determined by the orientation of the electron spin, so that the states described by
In the absence of heavy-hole mixing, i.e. at g 3 = 0 and g (p) h2 = 0, optical transitions active in the σ + polarization are |−1/2 X + * → |−3/2 h * and |+5/2 X + * → |+3/2 h * . With inclusion of the heavy-hole mixing the situation becomes diverse. First of all, due to mixing of the triplet states within the blocks H ± 3×3 , the | ± 7/2 X + * states become optically active. Secondly, since the p-holes in the final states | ± 3/2 h * are coupled, the transitions to both p-hole states are possible in a given circular polarization. As a result, the X + * magneto-PL spectrum in a given circular polarization consists of six lines in total: two "bright" ones and four "dark" ones. Figure 3 (c) presents the results of calculations of the X + * magneto-PL spectrum. The resemblence with the experimental results shown in Fig. 3(a) is striking. Our simulation reproduces well both the PL asymmetry with the two intense lines at B z < 0 and the complicated structure at B z > 0 with characteristic anticrossings of the lines and activation of the "dark" transitions. The total number of lines, six, is also consistent with the experimental spectrum. We note that the "dark" states are more pronounced in the experiment as compared with the model calculations, because their steady-state occupancies may be higher due to longer radiative decay times.
C. Double negatively charged exciton X

2−
Another important application of our theory is the analysis of the X 2− complex, which comprises a hole and three electrons: two of them occupy the ground s-shell state and form the spin singlet state, and one is in the p-state, see the inset to Fig. 4(c) . The final state after optical recombination of X 2− is a pair of electrons one being in s-shell and the other in p-shell orbital state. Their spins can be either in the triplet or in the singlet state. While optical recombination to both singlet and triplet states is observed at zero magnetic field, see Fig. 1(c) and Ref. 35 , for the magneto-PL studies we focus only on the transitions to the triplet state, which are labeled as "X 2− triplet " in Fig. 1(c) . The measured magneto-PL spectrum of X 2− is presented in Fig. 4(a) . At zero magnetic field X 2− the spectrum consists of two lines separated by 100. . . 150 µeV with the lower energy transition having higher intensity. In the longitudinal magnetic field the lower energy line splits into two lines while the higher energy line does not demonstrate any splitting. As a result, at B z = 0 there are in total three lines, see Fig. 4(b) .
Since the total spin of paired electrons in the singlet state is zero, the X 2− states are conveniently classified by the total spin of the s-hole and p-electron, which equals ±1 and ±2. Since neither exchange interaction nor magnetic field affect the singlet pair, the X 2− complex can be viewed as the excited state of a neutral exciton X 0 * with the electron residing in the p-state. The only difference is that both ±1 and ±2 doublets are optically active, see below. The effective X 2− Hamiltonian is given by
Here we introduced the parameter δ ps 1 , which gives rise to the anisotropic splitting of the ±1 doublet at B z = 0. The value of δ ps 1 is mainly defined by the long-range exchange interaction between the s-hole and p-electron and can be comparable or larger than δ ps 0 even in highly symmetric quantum dots. 51, 52 Nonzero value of δ Here, as before, we assume that the main axes of the dot are the x and y.
The radiative recombination of X 2− complex involves, just like that of X ± * , s-shell electron and s-shell hole. As already noted we take into account only the transitions to the two-electron triplet state, described by the simple Hamiltonian H(T e ) = g 1 µ B I (e) z B z . There are three "bright" transitions: |x X 2− → |0 f , |y X 2− → |0 Te , and | + 2 X 2− → | + 1 Te being active even in the absence of the hole mixing, g (s)
h2 ≡ 0. Besides, there are four additional "dark" transitions active due to g (s)
and |y X 2− → | + 1 Te , see Fig. 4(d) .
The results of our calculations of X 2− magneto-PL spectrum are presented in Fig. 4(c) . In our modeling we set δ ps 1 = 2δ ps 0 , so that |y i and |±2 i levels are degenerate at B z = 0. In that case the evolution of "bright" transitions with the increasing magnetic field is consistent with experiment, i.e. the lower energy lines splits into two lines, while the higher energy line remains degenerate. The low intensity "dark" lines are probably not resolved in the experiment. Overall, we observe rather good agreement between the theory and the experiment.
V. DISCUSSION
In Sec. IV we have identified transitions stemming from several electron-hole complexes in magneto-PL of single (111) QDs. Using comparison of theoretical and experimental results we were able to recognize "hot" trions X − * and X + * in two representative dots, QD C and QD K, respectively, and X 2− in QD P. In fact, such an identification is not restricted to these three particular QDs, and these complexes have been observed in many studied dots in the sample. The experimental data demonstrating emission patterns of X − * , X + * and X 2− complexes in several other QDs are presented in Fig. 5 . One can see that the characteristic magneto-PL spectra shown in Figs. 2, 3 and 4 are well reproducible from dot to dot. The asymmetry of the spectra and the appearance of the magnetic-field-induced "dark" lines, optically active due to the intrinsic heavy-hole mixing in these dots, serve as specific signatures of the studied complexes. The analysis of measured PL spectra of X − * and X + * at B z = 0 using Eqs. (7), (14) allows us to extract the values of exchange interaction constants for an s-and pshell electrons and holes for the QDs presented in Fig. 5 , see Tab. II. As described in Sec. IV A, fitting of the Zeeman splitting between the magneto-PL lines of X − * , allows us to extract the value of the p-shell electron gfactor g (p)
e , see Tab. II. The obtained values of g (p) e only slightly differ from the ones for the s-shell electrons. This is in agreement with model expectations, since the electron g-factor is controlled by the distance to the valence band, 53 resulting in small difference between s-and pshell g-factors owing to small separation between s-and p-shell states as compared to the band gap energy. By contrast, the hole g-factors are, to a large extent, controlled by the magneto-induced mixing of the valence band states. Hence, the values of hole g-factors are expected to be very sensitive to the orbital shape of the wave function.
34 This is in agreement with our results: To obtain a characteristic crossing of X + * PL lines in σ h2 are comparable with those for an s-hole. The detailed modeling of g-factors for excited hole states in QDs as well as the analysis of B 2 z effects, particularly, the diamagnetic shifts, 33 are beyond the scope of the present paper. Finally, we note that in order to describe the excited state of the carrier in-plane motion we take into account only single, lowest in energy, p-orbital assuming that the dot shape is slightly anisotropic and the symmetry deviates from the perfect C 3v point symmetry. This requirement can be relaxed for the hot positively and negatively charged trions if the spin-orbit coupling is neglected. In this case, at B = 0 the states p x ± ip y are degenerate. In the presence of B z, the degeneracy is lifted due to the orbital effect of magnetic field, ∝ L · B, where L (L = 1) is the orbital angular momentum operator. However, since the optical transitions involve only s-shell electrons and holes, neither the energy position nor the intensities of the PL lines are affected by the orbital character of the wave function of the p-shell carrier. As a result, the magneto-PL spectra of X + * and X − * do not change if the orbital degeneracy of p-shell states is taken into account. By contrast, the X 2− emission spectrum can be reproduced only if the QD anisotropy is taken into account. Hence, the magneto-PL of multiply charged exciton states opens the route to study weak anisotropy of such almost perfectly shaped QDs.
VI. CONCLUSIONS
In this paper we have presented a combined theoretical and experimental study of magneto-PL spectroscopy of the excited and multiply charged electron-hole complexes in (111)-grown GaAs quantum dots. Using the developed theory for X − * , X + * , and X 2− magneto-PL, we have identified X − * and X + * trions as well as X 2− doubly charged exciton in the experimental magneto-PL spectra of many QDs. We have revealed that the key ingredient to describe the experimentally observed behaviour of magneto-PL lines is the effect of magneto-induced mixing of |±3/2 heavy hole states, specific to the dots of C 3v symmetry. The characteristic magneto-PL patterns of X − * , X + * , and X 2− complexes are well reproducible from dot to dot, and can be used to identify these complexes in further experiments.
